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TOPIC :

DEVELOPEMENTS OF NUMERICAL METHODS FOR A 3-D SIMULATION OF A FFAG RA-
DIAL SECTOR MAGNET : A NUMERICAL INTERPOLATION AND A ANALYTICAL CAL-
CULATION.



THE RAY TRACING METHOD

Integration of Lorentz equation based on Taylor series (the choice of the order will be discuss in the
next slides)
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Fic. 1 - Position and velocity of a particle in the reference frame.
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THE FOUR STEPS TO CALCULATE B(s) AND d"B/ds"

1. Sector mid-plane field model of the form :  B.(r,0) = B.q F(r,0) R(r), yielding 0" B./00'Or’

F(r,0) : field fall-offs coefficient
R(r,0) = (r/Ry)* for a FFAG magnet
R(r,0) =by+ b (= RO) + by (52 RO) + ... + b5 (= ?0)5 for a DIPOLE magnet

2. Next, transform from magnet cylindrical frame into Zgoubi Cartesian frame, using
0B./0X = (1/r)0B./00, 0B./0Y = 0B./0r, 0°B./0X*= (1/r*)0*B./00*+(1/r)0B./0r,

3. Z-derivatives and extrapolation off mid-plane yield yield the 3-D B model
B(X,Y, Z), IR B 10X 19Y 192
4. Eventually, the derivatives d"B /ds" | needed in Eqs. 1 are derived from the above using

8?B(X,Y, 7Z)
0X:0X,

A 3 0B(X.,Y, Z)

OB(X,Y.Z) , .
X u;(s) uj(8)+z u; (s

ui(s) EU(S) = OX.

(Xij.., %7,...= 1,3 stand for X, Y or Z).
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AN N-UPLET MAGNET PROCEDURE

When alone, a dipole is encompassed in the ma-
GEOMETRY /FIELD FOR ONE DIPOLE : gnetic field region defined by the angle AI'. The
dipole geometrical parameters yield the mid-plane
vertical field :

Bzi(n (9) — BZO,Z' E(Ta 6) RZ(T)
by using

.7:2'(7“, 9) = fEntrance(rv 9) XfEXit <T7 '9) X]:Lateral<

simulating the effect of EFB’s — discussed next
slide.

Basically, N=3 (here) dipoles are encompassed in

" the magnetic field region defined by the angle AT,
they are positioned by ACN<7. Obtaining the total
field is a matter of summation over the N neigh-
boring dipoles (not more than a trick)

N N
B.(r,0) = Z B.i(r,0) = Z B.o; Fi(r,0) Ri(r)
i=1 i=1

(2)
. OHB(r,0) = dYB.(r0)
Derivatives : 50 = 50

i=1,N

(3)



THE FIELD FALL-OFFS SIMULATION

Field fall-off at an EFB (FEntrance, Ezit) is modeled by the Enge model :

Frp(d) = — Pd) = Cy+ il 4 (d)2+ e (d>5
I B A V) AV

—d(r,0) is the distance to the FFB T Sl F__vs d}
— Possible gap variation is accounted for g homogeneous to the gap, > / ’

€.g: 0.6 /

0.4 A

9(r) = go(Ro/r)  (pole shaping) ye

or

g = C’t—e (COﬂ shaping) 0.0—=73 =05 0.0 0.05

Fic. 2 - Fringe field Fgpp as
a function of distance d (gap
g = S CI11, C() = 01455, Cl =
2.2670, Cy = —0.6395, C'3 =
1.1558, Cy = C5 = 0).

— coefficients Cy — C5 determine the shape of the field fall-off (can
be determined from prior POISSON or TOSCA calculations for

instance)
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CALCULATION OF FIELD DERIVATIVES : TWO METHODS

Numerical interpolation using a ’flying’ mesh :
2nd order 3 x 3 nodes or 4th order : 5 x 5 nodes

+B

interpolation grid

particle
m, trajectory
1

As

B(T, 8) = Aoo + Am@ + A()l?“ + A2092 + A119r + A02T2 +
..... + A22927“2 + A13¢97”3 + A047”4

The source code contains the analytical expressions of the

] 1 okt p r,0
cocfficients Ay = WW(H)

Analytical Calculation :

x(r,0) = cos(ACN — 0) — Ry, etc ..

d(r,0) = /(x(r,0) — x(r,0))? + (y(r,0) — yo(r,0))?

OUTVd(r.0) OUTUF(r,0) O P(r,0)
oovorv ogvorv 09vorv

O TV B(r,0)
o0vorv

It yields and finally
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COMPARAISON ORDER 2 VS ORDER 4

To test if it is necessary to compute the derivatives up to the fourth order in term of calculation
accuracy, we make tracking (2000 turns) on a stable limit orbit and check the numbers of turns the
particle did before to be lost and that for the two methods (interpolation/Analytic) and different
steps of integration.

We did that test for two kinds of triplet used to simulate the 150 Mev proton ring triplet.

— The first one with Kp = 7.25 and Kp = 7.58 (used for the first simulations)
— The second one with Kp = Kp = 7.6 (new triplet more realistic, horizontal tunes perfectly
constant)

N1 N

/
e (\\
y

\ N
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5 7 -.2 -.1 0.0 0.1 0.2

Fic. 3 — Kp = 7.25 and Kp = 7.58, closed F1G. 4 — Kp = Kp = 7.6 E = 12,43,85,125 F1G. 5 — Fiel compute from Tosca 3-D map E
orbit E = 12,50,100,150 Mev Mev — 12,43,.85,125 Mev
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SAMPLE PHASE-SPACE MOTION (2000 TURNS) : TRIPLET Kp = 7.25,

Kpr =758 E=50 Mev, r =1.,, Z=2 cm

2nd order ds = 0.25cm : Numeric (left), Analytic(right)

ostprocessor/Zgoubi T (rad) vs. Postp:ﬁgg:::f{-zgoubi P (rad) vs. Z  FPostprocessor/zgoubi T (rad) vs. Postpr§g§:::-:./?goubi P (rad) vs.
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F1G. 6 — horizontal motion Fi1G. 7 — vertical motion F1G. 8 — horizontal motion F1G. 9 — vertical motion
L] L] L]
—_— L]
4th order s = 0.25cm : Numeric (left), Analytic(right)
ostprocessor/igows T (rad)  vs. Postprscessor/igoni P (rad)  vs. 7 Fostercsorigmsi T (rad)  vs. Y restegcgoriguni P (rad)  vs.
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F1G. 10 — horizontal motion

F1G. 11 — vertical motion
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F1G. 12 — horizontal motion

F1G. 13 — vertical motion



SAMPLE PHASE-SPACE MOTION (2000 TURNS) : TRIPLET Kp=Kp=7.6,
E=43 Mev, r =r.,, z=2 cm

2nd order ds = 0.25cm : Numeric (left), Analytic(right)
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F1G. 14 — horizontal motion F1G. 15 — vertical motion F1G. 16 — horizontal motion F1G. 17 — vertical motion

4th order s = 0.25cm : Numeric (left), Analytic(right)
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F1G. 18 — horizontal motion F1G. 19 — vertical motion F1G. 20 — horizontal motion F1G. 21 — vertical motion
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RESULTS

For the first triplet (Kp = 7.25, Kp = 7.58), the results for the stable limits orbits (E =100 Mev
T =T+ Ldem , z=0.4cm, E =50 Mev ,r = r., + 1.9cm | z=0.7 cm) and show that for the 2nd
order it takes less and less turn for the particle to be lost when the step integration increases. For
the 4th order the number of turn varies with the step size but doesn’t follow a specific law.

. P°“P‘§§§§§§_r,/?g°“bi T (rad) vs. v NoDate. . . vs.
Postprocessor/Zgoubi T (rad) vs. Y 0.8 2000
0. 02
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024 0.0 0.5 1. 1.5 2.
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F1G. 24 — Number of turns on the stable limits
orbits : E =100 Mev ,r = 714 + 1.4em and E
=50 Mev ,r = 7.,+1.9cm , z=0.7cm vs the step
integration size

F1G. 23 — Motion on the stable limit , the par-
ticle is lost after 966 turns :step size = 0.25 cm
interpolation calculation, 2nd order

F1G. 22 — Motion on the stable limit : step size
= 0.25 cm, analytic calculation, 4th order

For the second triplet (Kp = Kp = 7.6) the maximum number of turns, a particle stays on a stable
limit, is never more than 20 or 30 and it is the same for the 2nd or the fourth order and
for analytic or interpolation calculation.
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CONCLUSION

1. For a triplet with Kp # K the accuracy of calculation depends on the order 2nd or 4th. If
we decide to make tracking faster using the 2nd order we take the risk to loose some particles

because of the worse accuracy of the calculation.

2. For a more realistic triplet with K'p = Kp the accuracy seems to not depend on the order of

calculation we choose to use.
The analytic calculation is about 2.3 faster than the interpolation one and the 4th order is about

2.4 slower than the 2nd one. That means that a 2nd order analitycal tracking in
that case is 5,5 faster then a 4th order interpolation one.
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